The energy spectrum of two interacting electrons in a flat circular quantum dot is investigated. While the centre of motion can be treated exactly, the Wentzel-Kramers-Brillouin (WKB) approximation has been applied to study the relative motion. The energies are seen to agree well with the exact numerical results.
I. Introduction
Advances in submicron technology have made it possible to manufacture quantum dots containing only a few electrons [1] . Quantum dots have been extensively investigated both experimentally and theoretically [1] [2] [3] [4] . Ever since the integral and fractional quantum Hall effects were discovered in two-dimensional electron systems under a high magnetic field, two-dimensional studies have been the subject of intense investigation in quantum solid state physics and quantum field theory. In two-dimensional quantum dots the electrons are confined in a circular region, such that the motion perpendicular to the plane of confinement is essentially frozen out.
Different theoretical methods have been used to study the problem of two electrons in a two-dimensional quantum dot, both with soft wall (parabolic confinement) as well as hard wall (rigid circular wall at a radius r 0 ) in-plane confinement. Physical examples of electrons being confined in such a thin layer can be found in the vicinity of junctions between insulators and semiconductors, between layers of semiconductors, and between a vacuum and liquid Helium.
Merkt, Huser and Wagner [5] have calculated the energy spectra of two electrons in a twodimensional harmonic quantum dot, in the effective mass approximation, as a function of the dot size and the strength of a magnetic field directed perpendicularly to the dot plane. Matulis and Peeters [6] have proposed a convergent renormalized perturbation series in powers of the electron-electron interaction for calculating the energy of a quantum dot. They have used this method to calculate the ground and several excited states of a quantum dot consisting of two electrons. Matulis, Fjaerestad and Chao [7] have solved the Schrödinger equation for the ground state of two electrons in a two-dimensional circular quantum dot, with hard confinement potential, using a renormalized perturbation series approach, which interpolates between the perturbation solutions in the weak interaction regime and the asymptotic solutions in the strong interaction regime. They assumed that one electron was fixed at the origin. Zhu et al [8] have made use of the expansion in a power series to obatin the eigen solutions of two electrons in a parabolic quantum dot. McKinney and Watson [9] have applied the dimensional perturbation theory to the two-electron D-dimensional quantum dot, obtaining values for the ground-and excited-state energies. The charge-and spin-density excitation spectra for two electrons in a two-dimensional circular hard-wall confined quantum dot have been calculated by Brataas, Hanke and Chao [10] . Akman and Tomak [11] have performed the exact numerical diagonalization of the Hamiltonian of a 2D circular quantum dot for 2, 3, and 4 interacting electrons. Adamowski et al [12] have studied two electrons confined in quantum dots under an assumption of a Gaussian confining potential and its parabolic approximation. They have calculated the energy levels of singlet and triplet states as functions of the range and depth of the confining potential in the two-dimensional (circular) and three-dimensional (spherical) quantum dots. There have been several other investigations on the properties of circular quantum dots.
In the present work, we investigate the energy spectrum of 2 interacting electrons confined in a rigid disc of radius r 0 , within the effective mass approximation, using the WKB method. We consider the dots in the two-dimensional limit of thin discs. We take the simplest model of quantum confinement, viz., infinite square well of radius r 0 .
First we formulate the WKB method for the case when the two particles are confined in a circular region. The Hamiltonian for 2 particles of masses µ 1 and µ 2 , in a central force potential V (r), is given by
The Hamiltonian in (1) can be separated into the relative motion and the centre-of-mass motion as
with
where the centre-of-mass co-ordinate
and the relative co-ordinate
µ R and µ r are the total mass and reduced mass respectively, given by
The spatial part of the wave function is symmetric (antisymmetric) with respect to particle permutation for even (odd) azimuthal quantum number m. Since Pauli exclusion principle requires the total wave function to be antisymmetric, therefore we must have spin singlet (s = 0) and spin triplet (s = 1) states for even and odd m respectively. Thus the 2-particle wave function can be separated as
Assuming the medium to be isotropic, the θ dependence can be approximated by a plane wave, viz., exp(imθ). So each state is denoted by four quantum numbers |n R , m R , n r , m r The Schrödinger is now separable giving
and
In the above equation E R denotes the centre-of-mass energy and E r represents the relative energy.
We assume the system consisting of 2 electrons to be confined in a disc of radius r 0 , by a rigid wall. Because of the quantum confinement, the centre-of-mass and relative motions can no longer be separated. Since µ 1 = µ 2 , hence
Assuming an infinite deep well model, the confinement implies
for σ i = R, r. Further substituting
the radial Schrödinger equations reduce to the effective one-dimensional analogue
where
In the above expressions we have used m R and m r for the azimuthal quantum numbers for the centre-of-mass motion and relative motions respectively. Thus the centre-of-mass Hamiltonian H R is a purely single electron Hamiltonian, which can be solved exactly. It is the part H r , involving the important Coulomb repulsion, which is responsible for the rich structure of the energy spectrum. To study the energy spectrum of this part applying the semiclassical Wentzel-Kramers-Brillouin (WKB) approximation, we conformally map the 0 < r < ∞ space to the −∞ < x < ∞ space, by substituting r = e The centre-of-mass motion is given by the Schrödinger equation (16), viz.,
If we substitute
then it is easy to observe that χ(R) satisfies the Bessel differential equation. Hence the solution of (22) is given by
So the confined energies are obtained from the zeroes of the Bessel function. If ξ n is the n-th zero of the Bessel function, then the energies are given by
To formulate the WKB quantization rules for the relative motion of a circular quantum dot consisting of two electrons in the xy plane, we proceed as follows. The radial solution u r satisfies the Schrödinger equation (17), viz.,
Substituting ρ r = µ r r (27)
equation (26) reduces to
The impenetrable circular wall imposes the additional boundary condition
It may be mentioned here that the region of space 0 ≤ ρ r ≤ r 0 may be divided into 2 sections i) Region I : 0 ≤ ρ r ≤ ρ t where V > e r ii) Region II : ρ t ≤ ρ r ≤ r 0 where e r > V where ρ t is the classical turning point, obtained by putting Γ 2 (ρ r ) = 0. We assume a WKB ansatz for the solution of the Schrödinger equation in region I, and obtain the solution in region II with the help of the WKB connection formulae [15] on either side of the turning point as,
Imposition of the condition u rII (r 0 ) = 0 gives the WKB quantization rules as 
We calculate the exact analytical energies of the system for the centre-of-mass motion from the zeroes of the Bessel function [16] . The results are explicitly given in Table 1 .
For the relative motion we calculate the WKB energies E r (W KB) with the help of the formalism given above. For simplicity of calculations we take µ 1 = µ 2 = 1/2. Hence µ R = 1, µ r = 1/4. To test the validity of our approach, we compare our results with the exact numerical energies E r (exact) for different values of the confining radius, in Table 2 (n r = 0, m r = 0), Table 3 (n r = 0, m r = 1), and Table 4 (n r = 1, m r = 1). The exact energies are obtained by numerical integration of the Schrödinger equation using Numerov's method and the logarithmic mesh. Considering the semiclassical nature of the WKB approximation, the agreement between the two values is found to be excellent, improving further as the region of confinement increases.
To conclude we have found the confined energies of two interacting electrons in a circular quantum dot of radius r 0 . Our semiclassical WKB approach gives excellent results when compared with exact numerical values. In this work we have considered the simplest model of the confined two-electron system, by assuming an infinite confining potential. We shall deal with more complicated potentials in our future work. Table 1 . Exact energies of the system for the centre-of-mass motion (E R (n R , m R )) 
